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Relativistic emission lines from accretion discs around black holes
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ABSTRACT
The next generation of X-ray satellites will provide high-resolution line profiles from active
galactic nuclei, which are nowadays considered to be born in an accretion disc around a
supermassive black hole. In order to allow theoretical models to be fitted to observational data,
powerful computational tools are required.

We present new, fast and accurate methods that use integrated geodesic equations in terms
of Jacobian elliptic functions, in both the Schwarzschild and the Kerr metrics, to produce
accretion disc images and line profiles. Two different codes were designed in order to make
maximal use of the symmetries of the Schwarzschild and Kerr solutions. In the Schwarzschild
case, one can analytically map any point of the disc – even a warped one – into the image
plane, which makes the calculations accurate and fast. In the Kerr case, the analytic form of
the integrated geodesic equations is not as simple, so that some numerical interpolations are
required in calculating line profiles, and the case of warped discs cannot be treated as easily.
Both codes are able to calculate lines produced by material extending below the marginally
stable orbit and can handle various emissivity and illumination laws. The codes are freely
available to the community.

Key words: accretion, accretion discs – black hole physics – line: profiles.

1 I N T RO D U C T I O N

The observation of the broad relativistic iron Kα line in the active
galactic nucleus (AGN) MCG-6-30-15 (Tanaka et al. 1995; Iwasawa
et al. 1996; Guainazzi et al. 1999; Martocchia, Matt & Karas 2002;
Lee et al. 2002) stimulated the development of numerical codes that
correctly take into account all relativistic effects near the vicinity of a
black hole, in order to model such lines. They are nowadays consid-
ered to be born in an accretion disc around a supermassive black hole
(see e.g. Fabian et al. 2000; Fabian 2002; Reynolds & Nowak 2003).
The properties of iron lines lead directly to the observable proper-
ties of accretion discs and of black holes as well (e.g. Bromley,
Chen & Miller 1997; Dabrowski et al. 1997; Wilms, Speith &
Reynolds 1998; Reynolds et al. 1999; Čadež et al. 2000; Yaqoob
2001; Wilms et al. 2001).

Various numerical approaches have been suggested and used to
calculate the profiles of emission lines: the historical method using
the transfer function (Cunningham 1975; Laor 1991; Speith, Riffert
& Ruder 1995; Wilms, Speith & Reynolds 1998); direct integration
of the trajectory of the photons (Karas, Vocrouhlicky & Polnarev
1992; Bromley, Chen & Miller 1997); and elliptic integrals (Rauch
& Blandford 1994; Fanton et al. 1997; Müller & Camenzind 2004;
Beckwith & Done 2004).
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Here we describe a new, fast and accurate method that uses an-
alytic solutions for geodesic equations in the Kerr metric (Čadež,
Fanton & Calvani 1998; Čadež et al. 2003) to produce accretion
disc images and line profiles. The speed of the method allows us to
study and present the parameter space (black hole angular momen-
tum parameter, disc inclination, optical thickness, disc emissivity)
in some detail.

The layout of this paper is as follows. Section 2 gives a short
overview on the use of elliptic functions in integrating geodesic
equations in the Schwarzschild metric, and shows how to make an
analytic map between the accretion disc plane and the image plane
at infinity. In Section 3 we implement and extend the above method
to the case of rotating black holes (Kerr metric). Discussion and
conclusions follow.

2 O P T I C S I N T H E S C H WA R Z S C H I L D
S PAC E – T I M E

Dealing with a non-rotating black hole (Schwarzschild metric)
makes the problem of calculating line profiles quite simple, owing to
the symmetry of the metric. In this case, the light propagation prob-
lem between any two points in the curved space–time can be solved
analytically by expressing the radial coordinate r as a function of the
polar angle in terms of elliptic functions (Čadež & Gomboc 1996;
Brajnik 1999; Gomboc 2001; Čadež et al. 2003; Čadež & Kostić
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2004). In this way one obtains an orbit equation for photons that is
quite similar to the solution of the Kepler problem.

In the Schwarzschild space–time, this form allows a direct ana-
lytic solution of the basic ray tracing problem: to find the constants
of motion for a light-like geodesic connecting any two given points.
This gives an analytic map between the accretion disc plane and the
image plane at infinity and leads to a very fast numerical code for
calculating accretion disc line profiles. Here we give a brief overview
of the basic equations and of the numerical integration scheme.

In the Schwarzschild case, geodesic null orbits are planar and
can be classified into three types: A (scattering orbits with both
endpoints at infinity), B (plunging orbits with one end at infinity
and the other behind the horizon) and C (orbits with both endpoints
behind the horizon) (Čadež & Kostić 2004). Only types A and B
are of interest for disc imaging, as orbits of type C can never reach
beyond r = 3M .

The orbit equation, expressed in the orbital plane, is the rela-
tion between radius r and the true anomaly v: r (v|a), where a =
2MEγ /l γ is the orbital angular momentum parameter.

Type A: scattering orbit, 0 < a < 2/(3
√
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3
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3
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2
,

and obtain the orbit equation in the form (where cn, and later sn,
represent the elliptic cosine and sine functions)
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Type B: plunging orbit, a > 2/(3
√

3). Instead of a, introduce
the parameter µ, such that

a = 2

3
√

3
cosh µ,

and obtain the orbit equation in the form

r (v|µ) = 2M

[
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cos χi = 1 − n2(ui − u1)
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.

Considering any two points P i = {ri , θi , φi } and P f =
{r f , θ f , φ f }, the light-like geodesic connecting them is either a scat-
tering (type A) or a plunging (type B) one.1 There is an infinity of
orbits of type A from point Pi to P f winding k times around the
black hole. Here we consider only direct orbits (k = 0). It has been
shown that the winding ones contribute exponentially less to the ob-
served light (Luminet 1979). Note, however, that in some extreme
cases (e.g. high inclinations and emission concentrated around the
innermost disc region) first- and even higher-order images can con-
tribute substantially to the line profile [see Bao, Hadrava & Østgaard
(1994), Beckwith & Done (2004) and especially Beckwith & Done
(2005)].

The orbit type can be determined by the position of the final point
with respect to the critical orbit through Pi . Knowing the type, one
can find the orbit by solving – for ψ (A) or µ (B) and vi – the two
equations:

r (vi |ψ) = ri and r (vi + �v | ψ) = r f for type A,

r (vi |µ) = ri and r (vi + �v | µ) = r f for type B,

where cos �v = cos θ i cos θ f + sin θ i sin θ f cos(φ f − φ i ) + 2kπ.
This gives the analytic map between accretion disc plane and

image plane. The map is used to write a fast numerical code, whose
main features are outlined here.

The Schwarzschild code has been designed with the aim of study-
ing the effects of different disc illuminations (Čadež et al. 2003) and
of disc warping, and to understand whether and how it is possible to
deduce the emissivity law from the line profile (Čadež et al. 2000).
It works as follows: A mesh of constant-r curves is established on
the disc surface (flat or warped). On the r = constant curves, mesh
points are placed along ϕ in variable density in such a way that all
areas in the image plane are represented with sufficient density of
mesh points. The mesh, mapped on the image plane, is triangulated
and the contribution of each triangle to the line profile calculated (by
integrating the infinitesimal contributions, using linear interpolation
to obtain needed values from those at the vertices).

The following parameters can be set.

(i) Disc geometry
(a) Disc particle orbits are Keplerian velocity circles inclined to
the basic disc plane along a fixed nodal line for an angle that is a
two-parameter function of r.
(b) Disc particle orbits are Keplerian velocity circles whose nodal
line azimuth and inclination are one-parameter functions of r
(twisted disc).
(c) Flat (planar) disc is a special case of the above.

(ii) Emissivity law
(a) Power law ε(r ) ∝ r−q .
(b) Illumination from one or two point sources on the axis of the
disc at h or ± h above or above and below the disc plane.

(iii) Outer disc radius
We note that high-q emissivity laws heavily weight the very small
regions near the black hole. Therefore, their areas must be calcu-
lated with high precision. This puts a limit on the ratio of the largest
to the smallest mesh area appearing in the calculation. The accu-
racy requirement thus essentially limits the calculable outer radius,
depending on the value of q, the number of radial curves (Nr) and
the screen resolution. Fig. 1 shows a comparison of line profiles

1 If the two points were both at r < 3M , they would be connected by orbits
of type C or type B; however, since the observer is always very far away, we
no longer consider such a case.
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Figure 1. Comparison of line profiles calculated with the Schwarzschild
code and with the Kerr one with a = 0.01M (top panel). The results are
practically identical, as shown in the bottom panel, where the ratio of the
profiles is plotted.

calculated with this code and with the numerical Kerr code. It is
evident that on the level of computer screen resolution the line pro-
files calculated with both routines are indistinguishable (the error is
always less than 10−5 of the maximum intensity value).

(iv) Inclination of disc plane with respect to observer
Note that, with increasing inclination, the radial velocity of the inner
disc regions grows, so that, owing to aberration of light, they become
increasingly bright, but their projected area on the line of sight
decreases. Therefore, the intensity contrast grows, making the ever
smaller regions in the image plane produce most light. This requires
the inner regions to be more densely meshed, and as a result this
implies longer computation times. However, the high inclinations
may not be as physically relevant from an observational standpoint.

3 O P T I C S I N T H E K E R R S PAC E – T I M E

In dealing with accretion discs around (supermassive) black holes,
one should consider the more appropriate astrophysical scenario of
rotating black holes. The analytic integration of geodesic equations
describing the photon trajectories in the general case of a rotating
(Kerr) black hole by using Jacobian elliptic functions was presented
in Čadež et al. (1998). Based on that approach, we implement a
new, fast and efficient numerical code, which is presented here. It
produces accretion disc images and the corresponding line profiles.
Several parameters can be freely set, e.g. disc emissivity law, outer
disc radius, inclination of the disc plane to the line of sight, and
angular momentum of the black hole. We believe that our method is
a substantial improvement upon previous ones, because the analytic
treatment offers the possibility to calculate any specific model to

any specified accuracy without relying on a set of precomputed data
tables (e.g. Dovčiak, Karas & Yaqoob 2004).

In the Kerr case, orbits are no longer planar and the null geodesics
are described by two constants of motion, λ and Q, which are re-
lated to the z-component of the orbital angular momentum and to
the square of the total angular momentum, respectively (Carter’s
constant).

The impact parameters, α and β, which describe the direction
of the geodesic with respect to the image plane of an observer at
latitude θ obs, are expressed in terms of the two constants λ and Q as

{α, β} = {−λ/sin θobs,
√

Q + a2 cos2 θobs − λ2 cot2 θobs

}
.

Also in this case, we are interested only in scattering and plung-
ing orbits. Their projections on the (r , θ ) plane can be analytically
expressed in parametric form (parameter P) as follows.

Type A: scattering orbit – projection on the (r , θ ) plane. In this
case
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1
2 P
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1
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) ,
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(

a
√
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)
,

where r 1, . . . , r 4 are the four real roots (in ascending order) of the
characteristic radial polynomial equation R(r , λ, Q) = 0 and µ± =
cos θ ± are the two roots of the characteristic theta polynomial equa-
tion � (θ , λ, Q) = 0 (Carter 1973) and

m4 = (r2 − r3)(r1 − r4)

(r2 − r4)(r1 − r3)
, mθ = µ2

+(
µ2+ + µ2−

) ,
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)
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)
.

Type B: plunging orbit – projection on the (r , θ ) plane. In this
case

r (P | λ, Q) =

u
(w/2u)(1 + λ2)(λ1 − 1)

√
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√
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a
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)
,

S = sn(�r P − �0 | m2), C = cn(�r P − �0 | m2),

where u is the average of the two real roots, v is half the difference
of the two real roots and w is the imaginary part of the two com-
plex roots of the radial polynomial equation R(r , λ, Q) = 0. The
parameters

λ1,2 = 1

2w2

[±
√

(4u2 + w2 − v2)2 + 4v2w2 + (4u2 + w2 − v2)
]

are chosen in such a way as to bring the R integral into the canonical
form, and
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√
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(√
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)
.
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Figure 2. Image (mesh) of a geometrically thin accretion disc around a
rotating black hole with angular momentum a = 0.91M . Disc inclination
angle θ = 75◦; outer radius r out = 40M . Note the large difference in scale
of the largest and smallest mesh elements.

The above equations suffice to construct the image of an accretion
disc in the equatorial plane. For details, see Čadež et al. (1998).

The analytic map between the accretion disc plane and the image
plane is not known. Therefore, we find it numerically as follows: λ

and Q determine a point (α, β) in the image plane. The raster image
of this plane is built with a raster spacing δα = δβ. For each raster
point we first calculate the value of the parameter P in the disc plane
θ = π/2 (with the convention P = 0 at the observer) from the θ

part of the orbit equation. This value is inserted into the radial part
of the orbit equation to give the value of r. The value of the redshift
factor g is then calculable (see Fanton et al. 1997).

Families of curves of constant r (r = rk) and constant redshift g
(g = gl) are constructed on the raster image. These families define
mesh areas rk < r < r k+1 and gl < g < gl+1. The contribution
to the line profile of each mesh area is then calculated given an
emissivity and limb darkening law. At the inner mesh points the
raster is refined 10 times in order to ensure sufficient accuracy in
calculating the contributions of inner bright areas.

The above equations and procedures are used to write a fast nu-
merical code, which is the main result of this paper. The integration
scheme is outlined here.

The Kerr code has been built to calculate both Schwarzschild (for
very small a �= 0) and Kerr standard flat accretion disc line profiles
for different emissivity and limb darkening laws, with the emphasis
on speed and accuracy. The Kerr code works as follows: The values
of r, g and the line intensity are calculated on a Cartesian grid of
points in the image plane. Families of curves r = rk (k = 0, . . . ,
RPt) and of curves g = gl (l = 0, . . . , GPt) define the mesh – a
graph consisting of mesh points and their connections (see Fig. 2).
Each mesh element contributes an easily calculable amount to the
line profile.

The following parameters can be set:

(i) Emissivity law (ε)
We consider the general form ε (r , µ) = ε (r )F(µ), where µ is the
cosine of the angle of the outgoing light ray with respect to the disc
normal. In the program it is coded as2

ε = K

(
1 + n2

1 + n1

)(
1 + n1µ

1 + n2µ

)( r

rmin

)−q

,

so that various cases can be easily dealt with by choosing appropri-
ate numbers n1, n2 and the power-law index q, for example: (1) no
angular dependence of emissivity, pure power law, F(µ) = 1; (2)
limb darkening law F(µ) ∝ (1 + 2.06µ); (3) limiting case of opti-
cally thin material F(µ) ∝ 1/µ. See also Beckwith & Done (2004)
and in particular their fig. 9.

2 K is in erg cm−2 sr−1. The line intensity is given by I (g) dg =
I num(g)K (M bh/dist)2 dg.

(ii) Cartesian grid spacing
The Cartesian grid spacing is measured in units of the black hole
mass.

(iii) Inner disc radius (r in)
The inner disc radius is normally set to the radius of the marginally
stable orbit rms, which depends on the angular momentum a. It can
also be set to the radius of the marginally bound orbit rmb – see
Discussion. In this case, we assume that the gas between rms and
rmb moves on purely circular orbits.

(iv) Outer disc radius (r out)
The outer disc radius is a free parameter. However, the size of the
smallest mesh surface is an important consideration in setting it, as
it must not be much smaller than the Cartesian grid spacing.

(v) Inclination of disc plane with respect to observer (θ )
The same caveats apply as in the Schwarzschild case.

(vi) Angular momentum parameter of the black hole (a)
The angular momentum parameter a can be set from 0.01M to
0.99M. Discs with larger a have higher redshift gradients and there-
fore require finer raster spacing.

(vii) Mesh size (RPt and GPt)
The special requirement of this procedure is that the graph must
have closed connections. In extreme cases, if the mesh parameters
are not properly chosen, the routine may miss a connection (if the
distance between two mesh points is considerably smaller than the
Cartesian spacing). To deal with such (rare) cases, the results of
various steps of calculation are shown on the screen and the user is
given a chance to abort further construction and to choose a more
appropriate mesh.

Some examples of the results are shown in Fig. 3. The numeri-
cal code is written using Borland Delphi and is freely available to
the scientific community. We also designed a very simple to use
computer code that runs very fast but with less accuracy.

4 D I S C U S S I O N

Several properties of line profiles have already been analysed and
discussed in the literature. Here we shall stress a few points that we
think to be of particular relevance.

Reynolds & Begelman (1997) pointed out that ‘fluorescence by
material inside the radius of marginal stability, which is in the pro-
cess of spiraling toward the event horizon, can have an observable
influence on the iron line profile and equivalent width’. On this basis
‘it is apparent that the observation of an extensive red wing on an
iron line is not sufficient evidence, by itself, that the black hole is
rapidly rotating’. Our program extends their results to the Kerr met-
ric and indeed shows that material under rms gives rise to a larger
extension of the red wing of the line and ‘mimics’ a higher value of
the black hole angular momentum. This effect is less pronounced
for higher values of a (see Fig. 4).

Pariev, Bromley & Miller (2001) suggest that ‘The edges of the
line are insensitive to the distribution of the X-ray flux over the
disc and hence provide a robust alternative to profile fitting of disc
parameters.’ We would like to add that, according to our results, this
statement must be understood in very broad terms. Calling attention
to Fig. 3, we would like to describe the line as a silhouette of an ice
cream consisting of a cup, contributed by the inner rings of the disc,
and the ice cream ball, contributed and shaped by the outer rings.
We believe that at present we have no a priori knowledge where at
the disc it is sensible to draw the dividing line between the cup and
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Figure 3. Examples of line profiles showing the contribution of different radial rings to the profile. From left to right: θ = 10◦, 30◦, 60◦; from bottom to top:
q = 0, 1, 2; a = 0.01M and r out = 147M in all cases. The heavy lines in the profiles denote the ring contributions corresponding to r = 10.3, 16.0, 22.0, 28.4,
35.2, 42.4, 50.2, 58.4, 67.2, 76.5, 86.5, 97.1, 108.4, 120.4, 133.3, 147 times M.

Figure 4. Comparison of line profiles calculated for material extending down to rms (solid line) and to rmb (dashed line) for a = 0.01M , 0.5M , 0.9M , θ =
30◦, r out = 40M and power emissivity law with q = 0, 1, 2, 3, from top to bottom.

the ball. We find that the red wing of the line is well described by a
power law, which does not depend much on inclination, but rather
on the emissivity power-law index q and on the angular momentum
a of the black hole. This is shown in Figs 3 and 5. Therefore, as the

red wing of the line is a power law, it is not obvious that the red
edge of the line provides a robust alternative to profile fitting. The
blue wing of the line is a much steeper power law and, with respect
to the popular inclination angle θ = 30◦, the position of the blue

C© 2005 RAS, MNRAS 363, 177–182
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Figure 5. Line profiles are shown for q = 0, 1, 2, 3 from top to bottom, a =
0.01, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.99 times M. Top: θ = 30◦,
r out = 50M ; bottom: θ = 60◦, r out = 40M . For a given q, the line corre-
sponding to a = 0.01M is the thickest one, the next one in thickness is for
a = 0.99M ; the lines in between follow in obvious order.

edge seems robust (see Fig. 5). However, we notice in Fig. 3 that for
low inclination the ice cream spills over the right edge of the cup as
new outer rings are added and, vice versa, the addition of new rings
makes the ice cream peak move more and more to the left for high
inclinations. As the position of an edge of an observed line is the
position where the line intensity is the peak line intensity divided by
the signal-to-noise ratio, one must exercise caution when deriving
disc parameters from positions of the edges.

Other properties can be investigated by a detailed comparison of
line profiles obtained with our program by exploring the parameter
space (black hole angular momentum, disc inclination, outer radius,
optical thickness, disc emissivity).

5 C O N C L U S I O N S

Fitting of theoretical models of iron line profiles to observational
data from the next generation of X-ray satellites will require pow-
erful computational tools. We believe that the approach presented

here, based on the analytic integration of geodesic equations de-
scribing the photon trajectories in the general case of a rotating
black hole (Kerr metric) by using Jacobian elliptic functions, is a
relevant improvement upon previous methods.
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